When a viscous fluid, like oil or syrup, streams from a small orifice and falls freely under gravity, it forms a long slender thread, which can be maintained in a stable, stationary state with lengths up to several meters. We discuss the shape of such liquid threads and their surprising stability. The stationary shapes are discussed within the long-wavelength approximation and compared to experiments. It turns out that the strong advection of the falling fluid can almost outrun the Rayleigh-Plateau instability. The asymptotic shape and stability are independent of viscosity and small perturbations grow with time as exp͑Ct 1/4 ͒, where the constant is independent of viscosity. The corresponding spatial growth has the form exp͓͑z / L͒ 1/8 ͔, where z is the down stream distance and L ϳ Q 2 −2 g and where is the surface tension divided by density, g is the gravity, and Q is the flux. We also show that a slow spatial increase of the gravitational field can make the thread stable.
I. INTRODUCTION
When honey or syrup is poured from an outlet, one easily generates very long threads of flowing fluid of surprising beauty and stability. A uniform column of fluid is unstable due to surface tension effects-the famous Rayleigh-Plateau instability ͓1͔. Viscosity diminishes the strength, but does not remove the instability, and thus the observation of stable falling viscous threads of, say, 2 m is surprising-in our local stairwell, we have seen threads of syrup up to around 10 m. In the present paper we shall discuss the shape and stability of such falling viscous jets or threads. We should note from the outset that we are confining our attention to Newtonian fluids ͑e.g., syrup or silicone oil͒.
Our starting point in Sec. II is the long-wave approximation ͑see, e.g., ͓2͔͒, which only takes into account the leading-order dependence of the velocity field on the radial variable. In Sec. III we study the stationary solutions and, in particular, their asymptotic forms. The final asymptotics ͑for large downstream distance z͒ is always governed solely by gravity, as in a free fall. We perform a simple experiment with heavy silicone oil and find that the observed stationary shape of a thread is in a good agreement with the theoretical prediction ͑Sec. III͒. Then we proceed with a linear stability analysis ͑Sec. IV͒. After a recapitulation of the classical Rayleigh-Plateau instability in the long-wavelength limit in the absence of gravity, we study the full linear stability problem of a falling thread using a Lagrangian description and solve it asymptotically.
II. DERIVATION OF THE MODEL
To describe the dynamics of a fluid column falling under gravity, we assume that the flow is axisymmetric and that the velocity has only a radial and a vertical component. In the long-wave approximation ͓3,4͔ the velocity is expanded in a power series in the radial variable r and one finds ͑express-ing mass conservation and the z component of the NavierStokes equation, respectively͒
͓given as Eqs. ͑17͒ and ͑18͒ in ͓4͔͔, where w͑z , t͒ is the leading-order term in the expansion of the vertical velocity field in r, h͑z , t͒ is the radius of the jet, ␥ is the surface tension coefficient, is the kinematic viscosity, and g is the gravitational acceleration. The curvature term in Eq. ͑2͒ is
͑3͒
but since we are interested in the asymptotic properties of thin threads, we neglect the curvature in the ͑r , z͒ plane compared to the one around the axis of the thread and assume that h z Ӷ 1. Thus we shall, throughout the paper, use the slender approximation
We now introduce dimensionless variables through
where ␣ and ␤ are dimensional coefficients. Thus Eq. ͑2͒ acquires the following form ͑with = ␥ / ͒:
whereas Eq. ͑1͒ preserves its form since it is homogeneous in space and time variables. We choose ␣ and ␤ such that the two first coefficients on the right-hand side ͑RHS͒ of Eq. ͑6͒ are equal to unity: i.e., * 
Note that it is possible to eliminate the parameter ⌫ from Eqs. ͑8͒ and ͑9͒ by the following scaling:
͑10͒
Although the scaling ͑10͒ allows us to make the system parameter free, we shall, in the following, retain ⌫ and stick to the scaling ͑5͒-͑7͒, since we want to be able to trace independently the effects produced by physical constants ͑like the scaled viscosity ⌫͒ and experimentally controlled parameters ͑like flux q͒. Second, the scaling ͑10͒ becomes ill defined in the limit ⌫ → 0, which is the case that we shall deal with in Sec. IV.
III. STATIONARY SOLUTIONS
The shape of a stationary thread has been studied by several authors ͑see ͓5-10͔͒, but since the results are somewhat scattered and incomplete, we have found it important to describe the stationary states in some detail. For stationary solutions the nondimensional flux q = h 2 v is constant and we end up with the following equation for the velocity field only:
The flux q is by the scaling ͑7͒ related to the physical flux Q as
When Eq. ͑11͒ is solved forward in z-i.e., as an "initialvalue problem"-the typical solutions will diverge for large z. This can be circumvented by integrating backwards noting that the fixed point ͑v , v z ͒ = ͑0,0͒ has a well-defined unstable manifold ͑separating solutions that diverge to plus or minus infinity͒, which upon backward integration becomes a stable manifold. In Fig. 1 we show typical phase-space trajectories found by solving Eq. ͑11͒ numerically by means of a fourthorder Runge-Kutta method, starting from "initial conditions" ͑v 0 , v z0 ͒ at large z and integrating backwards. It is seen that the dependence on the particular choice of downflow conditions is very weak since all phase trajectories quickly converge to the well-defined stable manifold. Thus, even for a thread of moderate length the shape is uniquely determined irrespective of the precise downstream conditions, just as we would expect.
The asymptotic behavior of the solution as z → ϱ is easily seen to be controlled by only the two first terms in Eq. ͑11͒: i.e.,
This asymptotic solution is shown by the dot-dashed curve in Fig. 1 ͑marked "inertial"͒. The behavior of the unstable manifold near the fixed point ͑v , v z ͒ = ͑0,0͒ can be found by expanding in z. Clearly we must take v = Cz 2 + O͑z 3 ͒ for the RHS of Eq. ͑11͒ to remain finite as z → 0. Inserting this expression into Eq. ͑11͒, we see that the inertial term vv z can be neglected, since it contributes only as z 3 , whereas all other terms contribute with z 0 terms, and we find
with the ͑positive͒ solution
With this choice of C the solution
FIG. 1. The phase plane for Eq. ͑11͒ with ⌫ = 40 and q =1. It is seen that, upon backward integration, trajectories quickly converge to a well-defined "unstable manifold" ͑solid line͒ for the fixed point ͑v , v z ͒ = ͑0,0͒. The asymptotic solution for large z, v ϳ ͱ z, is shown as the dot-dashed line and is governed by inertia and gravity. The asymptotic solution for small z, v ϳ z 2 , is shown as the dashed line and is obtained by neglecting inertia.
is in fact an exact solution to Eq. ͑11͒, when the inertial term vv z is neglected. This v͑z͒ is shown by the dotted curve in Fig. 1 ͑marked "viscous"͒. If in Eq. ͑16͒ we neglect the surface tension effects-i.e., consider the ⌫q ӷ 1 for the coefficient C-we get
The crossover between the viscous and inertial solutions is roughly given by the value z * where they become equal: i.e.,
for ⌫q ӷ 1. In Fig. 2 we plot v͑z͒ for various values of ⌫.
Experimental observation of a stationary state
We have performed experiments to investigate the form of falling threads. We shall describe them briefly here to show that one finds good agreement with the results of the previous section. More details on the setup and data analysis can be found in ͓11͔. The experimental setup consists of a cylindrical tank filled with an experimental fluid. The outlet at the bottom of the tank is controlled by a removable plug. When the liquid exits from the upper tank, the stream is collected in the lower tank. To avoid disturbances from external air flows we shelter the installation with the metal sheets. In our experiments we used heavy silicone oil with =60 Pa s, =1 g cm −3 , and =20 cm 3 s −2 , which corresponds to ⌫ Ϸ 1000.
The flow was filmed with a video camera and the thread profile was found from a sequence of separate runs, each recording a small segment with a length of around 4 mm, with a distance of 10 cm, made under identical conditions. tions. The numerical solutions for the stationary profile were chosen such that they match the data at the outlet ͓i.e., h͑z =0͒ = 0.46 cm͔ which is outside of the figure. This might seem somewhat unphysical, since the long-wavelength approximation does not apply at the outlet. Alternatively one can, as seen from the figures, choose to fit at z =10 cm ͑left-most point in the figures͒ with similar results. The crossover length z * is comparable with the length of the thread, so we only see the beginning of the asymptotic regime ͑14͒. With our setup the thread remains perfectly continuous without any drop formation under constant flux conditions, even down to the lowest controllable fluxes, where the thread is as thin as a spider's web. The same is true when we increase the thread length to 3 m.
IV. STABILITY PROPERTIES

A. Stability of a fluid cylinder in the long-wave length approximation
To set the stage for the stability analysis, we first reproduce the classical Rayleigh-Plateau instability in the longwave length approximation ͓1,2͔. The starting point is the ͑dimensional͒ set of equations ͑1͒ and ͑2͒. In the absence of gravity ͑g =0͒ the stationary state is a cylinder moving with constant velocity. We thus assume
and obtain the linearized system
It is convenient to go to the comoving frame
where
Transforming as usual to Fourier modes as ͑ṽ,h͒ = ͑C 1 ,C 2 ͒exp͑iky + s͒ ͑ 26͒ leads to the dispersion relation
which, within the long-wave length region kh 0 Ӷ 1 coincides with the well-known results for the classical RayleighPlateau instability ͓1͔.
In the long-wave length limit k 2 Ӷ / ͑ 2 h 0 ͒ the dynamics is inviscid and given by ͑for the unstable mode with positive s͒ s = kͱ 2h 0 . ͑28͒
B. Stability of the thread solution
We are now ready to study the stability of the spatially varying thread solution-i.e., the stability of the stationary states of ͑8͒ and ͑9͒:
͑30͒
We linearize around the stationary solution (v 0 ͑z͒ , h 0 ͑z͒), given in Eqs. ͑14͒ and ͑15͒ as 
to obtain the linear system
To get rid of the advection term, we introduce the stretched spatial variable y as
so that v 0 ͑z͒‫ץ‬ z = ‫ץ‬ y . We also define the function W͑y͒ as
and these definitions transform Eqs. ͑32͒ and ͑33͒ into
For the inertial stationary solution v 0 ͑z͒ = ͱ 2z we have ex-
and we finally transform Eqs. ͑36͒ and ͑37͒ into the comoving frame of reference,
to obtain
We now Fourier transfom in x, assuming that the asymptotic behavior will not be influenced by the slow algebraic variation with x in the denominators as long as t ӷ x, an assumption which will be verified in the Appendix. Thus we find, in terms of the Fourier transforms ã͑k , t͒ and b͑k , t͒,
As one can see immediately from the structure of Eq. ͑43͒, all viscous terms are subdominant with respect to surface tension terms in the limit t ‫ۋ‬ ϱ. In this limit we obtain the equations
Making finally the substitution
we find
The WKB ansatz ͓12,13͔
B͑k,t͒ = B 0 expͩ ͵ t ⌽͑k,tЈ͒dtЈͪ ͑48͒
gives
The WKB approximate ͑49͒ is asymptotically valid for t ‫ۋ‬ ϱ since ⌽͑k , t͒ ϰ t −3/2 , which decays sufficiently rapidly ͑see ͓12͔͒.
If we assume that the amplitude B 0 ͑k͒ is localized around a particular wave vector k 0 , i.e., as a Gaussian
we find that the maximum of the envelope, in the comoving frame, grows as
for sufficiently large t or, equivalently,
for the perturbation advected along the thread. Thus the typical instability time is t c ϳ q and from Eqs. ͑12͒ and ͑7͒ we can estimate the typical ͑dimensional͒ instability length-in time and in space, respectively-assuming that c ϳ O͑1͒:
One can understand the main result of this section from simple physical considerations: namely, using a stretching argument ͓13,14͔. A slice of fluid of length l͑t͒ is advected by the flow and stretched: dl / dt = l‫ץ‬v / ‫ץ‬z. For the inertiadominated solution v͑z͒ = ͱ 2z we have dl / dt = l / ͱ 2z. From the above equation and the free-fall dynamics of the fluid element ͑i.e., z = t 2 /2͒ it immediately follows that dl / dt = l / t and l͑t͒ = l 0 t / t 0 . Hence, the fluid element stretches like t, and the same is true for the wavelength of the initial perturbation: ͑t͒ = 0 t / t 0 . Consequently, the wave vector stretches as k͑t͒ = k 0 t 0 / t. From Eq. ͑15͒ we have h͑t͒ ϰ q 1/2 t −1/2 and thus we find the instability growth rate from Eq. ͑28͒ as s͑t͒ ϰ k͑t͒ ͱ h͑t͒
allowing us to estimate the amplitude of disturbance as
in agreement with Eq. ͑49͒. Note that if h͑z͒ϳz − and thus v͑z͒ ϳz 2 , the thread would be stable if 2 / 7 Ͻ Ͻ 1 / 2. This could be realized if the gravitational field increased as g͑z͒ ϳ z with =4 − 1, so the case of constant g ͑ =1/4͒ is only slightly below the limit of stability ͑ =2/7͒.
The fact that our asymptotic results are independent of viscosity is quite counterintuitive. Our everyday experience tells us that only very viscous fluids form long threads, whereas low-viscosity fluids like water are very vulnerable to the Rayleigh-Plateau instability and drop formation. Viscous effects in Eqs. ͑36͒ and ͑37͒ asymptotically delay the instability, but they only seem to produce mild corrections ϰexp͑−⌫kt −1/4 ͒ and cannot account for the drastic differences between, say, water and syrup. The proper treatment of the role of viscosity in the instability of a falling thread goes beyond our asymptotic analysis, since the drop formation in less viscous fluids presumably happens before the asymptotic state ͑14͒ has had time to form. How this happens remains an open question which we hope to address in future research.
V. DISCUSSION
The stationary flow of a long falling viscous thread has the asymptotic shape h͑z͒ϳz −1/4 depending neither on surface tension nor viscosity . Nearer the outlet the stationary shape depends on surface tension and viscosity and h͑z͒ϳz −1 . The crossover length between the viscous and inertial domains scales like 2/3 −1/2 . The numerical solution of the stationary problem fits well the experimentally observed shapes.
The asymptotic shape h͑z͒ϳz −1/4 is unstable as expected from the classical results for the stability of a fluid cylinder. The perturbations grow, however, very slowly, such that the Fourier components increase asymptotically only as exp͑constϫ t 1/4 ͒, where the constant is independent of viscosity. The instability is so weak that if the gravitational field was increasing slowly-i.e., g͑z͒ϳz , with 1 / 7 Ͻ Ͻ 1-the thread would become asymptotically stable.
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APPENDIX
In this appendix we show that the explicit dependence on x in Eq. ͑41͒ can be neglected when t ӷ ͉x͉. Neglecting this variation led to the "local" solution ͑49͒: 
͑A4͒
We assume that ͉x͉ Ӷ t and expand integral kernels in Eq. ͑A4͒ in a power series of ͉x͉ / t. First we consider LHS of Eq. ͑A4͒: and get
